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R∗

Woodin: (1) If λ is limit of Woodin
cardinals, then

L(R∗) |= AD

(2) If there is a measurable above λ,
then there is an elementary embed-
ding

j : L(R)V −→ L(R∗)

R∗ :=
⋃

α<λRV [G∩Col(ω,<α)]

Col(ω,< λ)-generic

P(κ)

Is there a reasonable way to carry out this analysis
at the level of singular cardinals of countable cofi-
nality?

What should be true in L(P(κ))?

How far can we push this analogy?
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I0(κ): There is an elementary embedding from L(P(κ)) to itself with critical point below κ.

If AD holds in L(R), then in L(R). . . If I0(κ) holds, then in L(P(κ)). . .

• ω1 is measurable • κ+ is measurable

• No ω1-sequence of distinct reals • No κ+-sequence of distinct elements of P(κ)

• Moschovakis’ Coding Lemma holds • A version of the Coding Lemma holds

• Every set of reals has the Perfect Set Property • Every A ⊆ P(κ) has the κ-PSP

• ΘL(R) is weakly inaccessible • ΘL(P(κ)) is weakly inaccessible

• Every ω1-complete filter on α < ΘL(R) extends
to an ω1-complete ultrafilter

• Every κ+-complete filter on α < ΘL(P(κ))

extends to a κ+-complete ultrafilter

• ω2 is measurable and cof(ω3) = ω2 • Is κ++ measurable? cof(κ+++) = κ++?
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Davis (1964): Under ADL(R), every set
of reals in L(R) has the PSP.

Cramer-Shi-Woodin (2015): Under
I0(κ), every A ⊆ P(κ) in L(P(κ)) has the
κ-PSP.

Solovay (1970): Assume that λ is
inaccessible. Then there is a model of
ZFC where every A ⊆ R in L(R) has the
PSP.

Dimonte-Poveda-T. (2024): Assume
that κ is <λ-supercompact and λ > κ is
inaccessible. Then there is a model of
ZFC where cof(κ) = ω and every
A ⊆ P(κ) in L(P(κ)) has the κ-PSP.

The model is a Lévy collapse extension.

Col(ω,< λ)

The model is a Merimovich extension.

Mer(κ,< λ)
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Lévy collapse Col(ω,< λ) Merimovich forcing Mer(κ,< λ)

For α ∈ (ω, λ), it collapses α to ω For α ∈ (κ, λ), it collapses α to κ

It preserves λ It preserves λ

For α < β ≤ λ, Col(ω,< β) projects
into Col(ω,< α)

For α < β ≤ λ, Mer(κ,< β) projects
into Mer(κ,< α)

For each x ⊆ ω there is α < λ such that
x ∈ V [G ∩ Col(ω,< α)]

For each x ⊆ κ there is is α < λ such
that x ∈ V [G ∩Mer(κ,< α)]

For each α < λ, Col(ω,< α) ∈ Hλ For each α < λ, Mer(κ,< α) ∈ Hλ



Interpolation for Lévy collapse
Col(ω,< λ)

Let G be Col(ω,< λ)-generic. For every
α < λ and for every p ∈ Col(ω,< α),
there is a Col(ω,< α)-generic h in V [G ]
with p ∈ h.

Col(ω,< α)

Col(ω,< λ)

p

h

G

Interpolation for Merimovich forcing
Mer(κ,< λ)

Let G be Mer(κ,< λ)-generic. For every
α < λ and for every p ∈ Mer(κ,< α),
there is a Mer(κ,< α)-generic h in V [G ]
with p ∈ h.

Mer(κ,< α)

Mer(κ,< λ)

p

h

G
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Constellation for Lévy collapse
Col(ω,< λ)

Let G be Col(ω,< λ)-generic, and let
α < λ. For each Col(ω,< α)-generic
h ∈ V [G ],

there is a
Col(ω,< λ)/h-generic H such that
V [h][H] = V [G ].

Col(ω,< α)

Col(ω,< λ)/h

G

h

H

Constellation for Merimovich forcing
Mer(κ,< λ)

Let G be Mer(κ,< λ)-generic, and let
α < λ. For each Mer(κ,< α)-generic
h ∈ V [G ], there is a
Mer(κ,< λ)/h-generic H such that
L(P(κ))V [H] = L(P(κ))V [G ].

Mer(κ,< α)

Mer(κ,< λ)/h

G

h

H
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Interpolation

Mer(κ,< α)

Mer(κ,< λ)

p

h

G

Constellation

Mer(κ,< α)

Mer(κ,< λ)/h

G

h

H

Which forcings satisfy Interpolation and Constellation?



Interpolation

Mer(κ,< α)

Mer(κ,< λ)

p

h

G

Constellation

Mer(κ,< α)

Mer(κ,< λ)/h

G

h

H

Which forcings satisfy Interpolation and Constellation?



Predistributivity

Definition
A forcing P is (ω, κ)-predistributive if for all p ∈ P and ⟨Dα | α < γ⟩ ∈ <κD(P),

there
are q ≤ p and ⟨dn | n < ω⟩ ∈ ωD(P↓q) such that for all α < γ there is n < ω with
dn ⊆ Dα.

p ∈ P
D0

. . .
Dα

. . .
Dβ

. . .

q ≤ p d0 . . . dn . . .

d0 dn dn

∀α < γ ∃n < ω (dn ⊆ Dα)
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Propaganda

Benhamou-T.-Weltsch:

1. Every κ-distributive forcing is (ω, κ)-predistributive.

2. Every Σ-Prikry forcing is (ω, supΣ)-predistributive.

3. (ω, κ)-predistributive forcings are closed under projections and Boolean
completion.

4. Suppose κ is strongly compact.
A forcing Q is (ω, κ)-predistributive if and only if for some λ > κ and some fine
measure U on Pκ(λ), strongly compact Prikry forcing PU projects into RO(Q). In
particular, (ω, κ)-predistributive forcings do not add bounded subsets of κ.
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From Prikry forcing PU to predistributivity

κ
0

α0 α1 α2

s = ⟨α0, α1, α2⟩

A ∈ U

β0 β1

t \ s ⊂ A

t = ⟨α0, α1, α2, β0, β1⟩

B ⊆ A
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Predist.: ∀D⃗ ∈ <κD(P) ∀p ∃q ≤ p ∃E⃗ ∈ ωD(P↓q) such that ∀α ∃n E⃗n ⊆ D⃗α
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Vanilla Prikry forcing PU is (ω, κ)-predistributive: If p ∈ PU and
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. . .
Dβ

. . .
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A further assumption

(•) Suppose V ⊆ M are models of ZFC, and let ⟨Dα | α < κ⟩ ∈ M is an enumeration of
D(PU)

V .

(•) Suppose there is ⟨Bn | n < ω⟩ ∈ (ωPbd(κ))
M with⋃

n<ω Bn = κ and ⟨Dα | α ∈ Bn⟩ ∈ V , for all n < ω.



A further assumption

(•) Suppose V ⊆ M are models of ZFC, and let ⟨Dα | α < κ⟩ ∈ M is an enumeration of
D(PU)

V .

(•) Suppose there is ⟨Bn | n < ω⟩ ∈ (ωPbd(κ))
M with⋃

n<ω Bn = κ and ⟨Dα | α ∈ Bn⟩ ∈ V , for all n < ω.

p0 ∀α ∈ B0∃m∀r ≤ p0(ℓ(r) > m =⇒ r ∈ Dα)



A further assumption

(•) Suppose V ⊆ M are models of ZFC, and let ⟨Dα | α < κ⟩ ∈ M is an enumeration of
D(PU)

V .

(•) Suppose there is ⟨Bn | n < ω⟩ ∈ (ωPbd(κ))
M with⋃

n<ω Bn = κ and ⟨Dα | α ∈ Bn⟩ ∈ V , for all n < ω.

p0 ∀α ∈ B0∃m∀r ≤ p0(ℓ(r) > m =⇒ r ∈ Dα)

p1 ∀α ∈ B1∃m∀r ≤ p1(ℓ(r) > m =⇒ r ∈ Dα)



A further assumption

(•) Suppose V ⊆ M are models of ZFC, and let ⟨Dα | α < κ⟩ ∈ M is an enumeration of
D(PU)

V .

(•) Suppose there is ⟨Bn | n < ω⟩ ∈ (ωPbd(κ))
M with⋃

n<ω Bn = κ and ⟨Dα | α ∈ Bn⟩ ∈ V , for all n < ω.

p0 ∀α ∈ B0∃m∀r ≤ p0(ℓ(r) > m =⇒ r ∈ Dα)

p1 ∀α ∈ B1∃m∀r ≤ p1(ℓ(r) > m =⇒ r ∈ Dα)

...

pn ∀α ∈ Bn∃m∀r ≤ pn(ℓ(r) > m =⇒ r ∈ Dα)



A further assumption

(•) Suppose V ⊆ M are models of ZFC, and let ⟨Dα | α < κ⟩ ∈ M is an enumeration of
D(PU)

V .

(•) Suppose there is ⟨Bn | n < ω⟩ ∈ (ωPbd(κ))
M with⋃

n<ω Bn = κ and ⟨Dα | α ∈ Bn⟩ ∈ V , for all n < ω.

p0 ∀α ∈ B0∃m∀r ≤ p0(ℓ(r) > m =⇒ r ∈ Dα)

p1 ∀α ∈ B1∃m∀r ≤ p1(ℓ(r) > m =⇒ r ∈ Dα)

...

pn ∀α ∈ Bn∃m∀r ≤ pn(ℓ(r) > m =⇒ r ∈ Dα)

PU-generic filter in M



A further assumption

(•) Suppose V ⊆ M are models of ZFC, and let ⟨Dα | α < κ⟩ ∈ M is an enumeration of
D(PU)

V .

Suppose there is ⟨Bn | n < ω⟩ ∈ (ωPbd(κ))
M with⋃

n<ω Bn = κ and ⟨Dα | α ∈ Bn⟩ ∈ V , for all n < ω.

p0 ∀α ∈ B0∃m∀r ≤ p0(ℓ(r) > m =⇒ r ∈ Dα)

p1 ∀α ∈ B1∃m∀r ≤ p1(ℓ(r) > m =⇒ r ∈ Dα)

...

pn ∀α ∈ Bn∃m∀r ≤ pn(ℓ(r) > m =⇒ r ∈ Dα)

PU-generic filter in M

Trace Property



Definition
M ⊇ V has the κ-trace property if for all surjections f : κ → E in M with E ∈ V ,
there is a sequence ⟨Bn | n < ω⟩ ∈ M of bounded subsets of κ such that

⋃
n<ω Bn = κ

and f ↾ Bn ∈ V , for all n < ω.



Predist.: ∀D⃗ ∈ <κD(P) ∀p ∃q ≤ p ∃E⃗ ∈ ωD(P↓q) such that ∀α ∃n E⃗n ⊆ D⃗α

Trace prop.: ∀f ∈ κE ∩M ∃B ∈ (ωPbd(κ))
M such that κ =

⋃
B and f ↾ Bn ∈ V

With Lévy and Merimovich one can construct generic filters for small forcings.
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Mer(κ,< α)

Mer(κ,< λ)

p

h

G

Can one do the same with (ω, κ)-predistributive forcings?
Benhamou-T.-Weltsch: Yes!
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Theorem (Benhamou-T.-Weltsch)

If M ⊇ V has the κ-trace property and P ∈ V is (ω, κ)-predistributive, then for all
⟨Dα | α < κ⟩ ∈ M, with Dα ∈ D(P)V , there is a filter g ⊆ P such that g ∩ Dα ̸= ∅ for
all α < κ.



Proof. Let ⟨Dα | α < κ⟩ ∈ M with Dα ∈ D(P)V . The κ-trace property yields
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P-generic filter in M
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Predist.: ∀D⃗ ∈ <κD(P) ∀p ∃q ≤ p ∃E⃗ ∈ ωD(P↓q) such that ∀α ∃n E⃗n ⊆ D⃗α

Trace prop.: ∀f ∈ κE ∩M ∃B ∈ (ωPbd(κ))
M such that κ =

⋃
B and f ↾ Bn ∈ V

Corollary

Suppose that

• M ⊇ V has the κ-trace property;

• λ > κ is a strong limit cardinal in V ;

• M |= |α| = κ, for all α ∈ (κ, λ);

• P is a (ω, κ)-predistributive forcing with |P|V < λ.

Then there is a P-generic h in M.
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M has the κ-trace property and collapses everything between κ and a strong limit λ.

M V

x ∈ P(κ)M

P predist.

g

V [g ]

x

Definition
Let P(κ)∗ be the set of all x ∈ P(κ)M such that there is a (ω, κ)-predistributive P
with |P|V < λ, and a P-generic g ∈ M with x ∈ V [g ].
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x ∈ P(κ)∗ : ⇐⇒ x ∈ P(κ)M and there are an (ω, κ)-predistributive P and a P-generic
g ∈ M such that |P|V < λ and x ∈ V [g ]

Theorem (T.)

Let κ be a λ-supercompact cardinal, where λ > κ is inaccessible.

(•) Let PU denote the supercompact Prikry forcing.

(•) Let Mer(κ,< λ) denote the Merimovich forcing.

Suppose M ⊇ V has the κ-trace property and |α|M = κ, for all α ∈ (κ, λ). Then there
exist a PU -generic G and a Mer(κ,< λ)-generic H such that

L(P(κ)∗) = L(P(κ)∗G ) = L(P(κ)V [H]),

where P(κ)∗G :=
⋃

α∈(κ,λ) P(κ)V [G↾α].
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Let κ be a λ-supercompact cardinal, where λ > κ is inaccessible. Let M0 ⊇ V and
M1 ⊇ V be models with the κ-trace property such that |α|M0 = |α|M1 = κ, for all
α ∈ (κ, λ), P(κ)∗M0

⊆ P(κ)∗M1
and (κ+)M0 = (κ+)M1 .

Then there is an unique
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)

that fixes the ordinals.
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Corollary

Let κ be a λ-supercompact cardinal, where λ > κ is inaccessible. Suppose M ⊇ V has
the κ-trace property and |α|M = κ, for all α ∈ (κ, λ). Then

1. P(κ)L(P(κ)∗) = P(κ)∗;

2. L(P(κ)∗) |= DCκ;

3. L(P(κ)∗) |= “ cof(κ) = ω ∧ λ = κ+”;

4. L(P(κ)∗) |= “Every A ⊆ P(κ) has the κ-PSP”. In particular, there is no
κ+-sequence of distinct members of P(κ) in L(P(κ)∗);

5. Approachability property APκ fails in L(P(κ)∗).
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Questions

Suppose M ⊇ V has the κ-trace property and collapses everything between κ and
some strong limit λ.

(•) Can κ+ be measurable in L(P(κ)∗)?

(•) Is “κ+ is P(κ)-supercompact” consistent?

(•) Suppose κ has countable cofinality in V . Can there be an elementary embedding

j : L(P(κ))V → L(P(κ)∗)?
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