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An active line of research in set theory is the study of V by
considering canonical inner models with additional features,
which approximate V.
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If an inner model M is sufficiently close to V, then some of the
properties of M may lift to V.
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Jensen’s L dichotomy
Exactly one of the following holds:

For every singular cardinals ), the cardinal A is singular in
L and
Dy =

Every uncountable cardinal is inaccessible in L.
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w-strong measurability
An uncountable regular cardinal y is w-strongly measurable in
HOD if there is v < p such that

7 is an infinite cardinal in HOD and (27)HOP < 4;



w-strong measurability

An uncountable regular cardinal y is w-strongly measurable in
HOD if there is v < p such that

7 is an infinite cardinal in HOD and (27)HOP < 4;

There is no partition
(Sq | @ < v) € HOD

of S, := {n < p | cof(n) = w} into stationary sets.
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If x is extendible, exactly one of the following holds:

Every singular cardinal A > & is singular in HOD and
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Woodin’s HOD dichotomy

If x is extendible, exactly one of the following holds:

For every regular cardinal i > x, HOD has the p-cover
property.

Every regular cardinal § > & is w-strongly measurable in
HOD.
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The cover property

Let M be an inner model and let A > w be a cardinal.
M has the M\-cover property if for all X C Ord with |X]| < A,
thereis Y € M with |Y| < Asuch that X C Y.
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Woodin’s HOD dichotomy

If x is extendible, exactly one of the following holds:

For every regular cardinal ;1 > x, HOD has the p-cover
property.

Every regular cardinal § > & is w-strongly measurable in
HOD.

Conclusion (1) is known as the HOD hypothesis.
The HOD hypothesis

There is a proper class of regular cardinals that are not
w-strongly measurable in HOD.



Goldberg showed that the HOD dichotomy takes hold far
below the least extendible cardinal:
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Goldberg’s HOD dichotomy

If x is strongly compact, exactly one of the following holds:
HOD has the s-cover property.

All sufficiently large regular cardinals are w-strongly
measurable in HOD.



HOD is able to cover small sets.




Is HOD able to cover big sets?
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How close is HOD to V?

Does the HOD hypothesis imply that HOD has the cover
property above the first strongly compact cardinal?

The expectation is that the question has a positive answer:

Proposition (Goldberg)

If s is strongly compact and HOD has the x-cover property,
then
HOD has the A-cover property,

for all strong limit cardinals A > k.
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Towards an answer. ..

Theorem (Magidor)

Let M be an inner model such that
@ M is cofinal correct.
® M = GCH.
@ M has the wi-cover property.
Then M has the cover property above wj.



The proof of Magidor’s theorem relies on an important piece of
pcf theory; namely, the determination of conditions that ensure
the existence of exact upper bounds.
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Scale

Let A C Ord be an infinite set and let o € Ord be uncountable.
A scale of length o on A is a sequence of functions

f={slB<aq)
such that
Forall 5 < a, fz € [[A;
j?is <*-increasing, i.e. if y < f < acthen f, <* f3;

]? is <*-cofinal, i.e. if g € [[ A then there is 5 < « such that
8§ <" fs-
Shelah’s representation theorem

Under AC, every singular cardinal A of uncountable cofinality
admits a scale of length A* on CH), for some club C C \.



Theorem (Dimonte-Poveda-T., Straffelini-T.)

Assume that ) is supercompact. Then there is a model of
ZF + DC, + —=AC where:
A is a strong limit singular cardinal with cof(\) = w.

There is no scale of length A+.



Theorem (Dimonte-Poveda-T., Straffelini-T.)

Assume that ) is supercompact. Then there is a model of
ZF + DC, + —=AC where:
A is a strong limit singular cardinal with cof(\) = w.

There is no scale of length A+.

Henceforth, M is an inner model of ZFC
and « is an uncountable regular cardinal
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Let A be an M-singular cardinal with cof(\)M > w.
M has the \-scale property if for each for each club D € P(A\)M
and for each M-scale

(fo | & < (AHM)

on D+M),



M= “j?is ascale” e~ f is an M-scale

The scale property

Let A be an M-singular cardinal with cof(\)M > w.
M has the \-scale property if for each for each club D € P(A\)M
and for each M-scale

(fo | o < (ATM)
on D(+M), there is a club C C D such that
(fa I CEM | < (AT)M)

is a scalein V.



The scale property
(cof MM > w)
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The scale property
(cof MM = w)

Let A be an M-singular
cardinal with cof( \)M = w.
M has the A-scale property if
for each for each unbounded
D € P(A)M and for each
M-scale

(fo | o < (AH)M)

on D, there is an unbounded
C C D such that

(fo I Cla < (ANM)

isa scalein V.
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I>: There is an elementary embedding j: V — M with V, C M.
Forn > 1, let k41 = j(Kn).
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I>: There is an elementary embedding j: V — M with V, C M.
Then A = sup,,, <.

>  Rn411
<5
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I>: There is an elementary embedding j: V — M with V, C M.
Also, j(A) = j(supycy, kin) = SuPycy, f(Fn) = SUPpcy, K1 = A
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I>: There is an elementary embedding j: V — M with V, C M.

M is cardinal correct up to ), i.e. CardM N\ = Card NA.
Moreover, (AT)M = \+:

AT <) = ()M = (VM.

Pick a scale
fa | a < AT

on some unbounded D C (xg, A) N Reg. By elementarity,

J({fal a < AT)) =(gp | B < AT) is an M-scale on j“D.

’ Claim. M does not have the A-scale property. ‘




Proof. Suppose, towards a contradiction, that there is an
unbounded C C j“D such that

gs 1 ClB<AT)

is a scale.
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Proof. Suppose, towards a contradiction, that there is an
unbounded C C j“D such that

(ga IC| B <AT)
is a scale. Define h € [[C as
h:j(v) — supj“r.

Then there is aw < A* such that 1 <* gjoy [ C=(fa) | C.



Proof. Suppose, towards a contradiction, that there is an
unbounded C C j“D such that

(ga IC| B <AT)
is a scale. Define h € [[C as
h:j(v) — supj“r.

Then there is aw < A* such that 1 <* gjoy [ C=(fa) | C.
Now pick a big enough v, with j(v) € C, to get the following
contradiction:

h(j(v)) <j(fa)(i(¥)) = j(fa(v)) < supj“v = h(j(¥)).
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Theorem (T.)
Suppose that

ME A,

M has the k-cover property.

M has the intermediate cover property above x.
Then the following are equivalent:

M has the cover property above &.

M has the A-scale property, for all M-singular cardinals
A > k with cof(\) < |A].



pothesis

Corollary (T.)

Assume the HOD hypothesis holds, and let « be
HOD-supercompact.



The scale property under the HOD hypothesis

Corollary (T.)

Assume the HOD hypothesis holds, and let « be
HOD-supercompact. Then

HOD has the A-scale property,

for all HOD-singular cardinals A > « with cof(\) < |A].






If M has the k-cover property and ) is an M-singular cardinal
with cof(\) < k < A, then

M has the A-scale property.



M has the k-cover property

) € Sing™

A-scale property

cof(A) <k < A
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M has the intermediate cover property above x
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k < cof(\) and |\ is regular ?
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The intermediate cover property

Lemma (Goldberg)

The HOD hypothesis implies that for all HOD-regular
cardinals ¢ above the first strongly compact cardinal,

cof(d) = 4.

The intermediate cover property

M has the intermediate cover property above & if
cof(5) = |3],

for all M-regular cardinals § > &.

Cover prop. = Intermediate cover prop. = Weak cover prop.




Henceforth, M is an inner model with the
intermediate cover property above




Henceforth, M is an inner model with the
intermediate cover property above

Theorem (T.)

If X is an M-singular cardinal with x < cof()\) and |\| € Sing,
then
M has the A-scale property.



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).

Step 1: Construct in M an auxiliary <*-increasing sequence

§=1(gslB< (M)

that admits an exact upper bound i: DM 5 ),



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).
Step 1: Construct in M an auxiliary <*-increasing sequence
§=@slB8< (Y

that admits an exact upper bound h: DM — ) ie. §C [[h
and for all g € [[ h thereis 8 < (A\T)M such that g <* g3.



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).
Step 1: Construct in M an auxiliary <*-increasing sequence
§=@slB8< (Y

that admits an exact upper bound h: DM — ) ie. §C [[h
and for all g € [[ h thereis 8 < (A\T)M such that g <* g3.
Step 2: There is a club C C D such that

B COM —id .



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).
Step 1: Construct in M an auxiliary <*-increasing sequence

§=1(gslB< (M)

that admits an exact upper bound h: DM — ) ie. §C [[h
and for all g € [[ h thereis 8 < (A\T)M such that g <* g3.
Step 2: There is a club C C D such that

B COM —id .

So {gs | CH*M) | B < AT} is <*-cofinal in [ C(+M).



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).
Step 1: Construct in M an auxiliary <*-increasing sequence
§=@slB8< (Y

that admits an exact upper bound h: DM — ) ie. §C [[h
and for all g € [[ h thereis 8 < (A\T)M such that g <* g3.
Step 2: There is a club C C D such that

B COM —id .

So {gs | CH*M) | B < AT} is <*-cofinal in [ C(+M).
mf I CHM) is a scale.



(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).

Step 1: Construct in M an auxiliary <*-increasing sequence

§=1(gslB< (M)

that admits an exact upper bound h: DM — ) ie. §C [[h
and for all g € [[ h thereis 8 < (A\T)M such that g <* g3.
Step 2: There is a club C C D such that

B COM —id .

So {gs | C*M) | B < At} is <*-cofinal in [] C(HM).
Step 3: f | C"M) is a scale. Indeed, if f € [ CHM), then
f<*gs | CHM for some 3 < A*.




(k < cof(A) A || € Sing) = A-scale prop.

Proof. Letj?: {fa | B < (AF)M) be an M-scale on D+M).

Step 1: Construct in M an auxiliary <*-increasing sequence
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that admits an exact upper bound h: DM — ) ie. §C [[h
and for all g € [[ h thereis 8 < (A\T)M such that g <* g3.
Step 2: There is a club C C D such that
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(k < cof(A) A |A| € Sing) = A-scale prop.

Proof. Let f = (fs | B < (A*)M) be an M-scale on DM,

Step 1: Construct in M an auxiliary <*-increasing sequence

§=(gs|B<(ZNHM)

that admits an exact upper bound h: DM — ) ie. §C ]k
and for all g € []h there is 8 < (A*)M such that g <* f5.

Step 2:

So {g5 | C*M) | B < At} is <*-cofinal in [[ C(HM),
Step 3: £ 1 CEM s a scale. Indeed, if f € [JCHM), then

f<*gs | C*M for some 3 < A\*. But g5 € M and so there is
v < (AH)Msuch that f <* gg [ CHM) <* £ C(HM),
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To handle this last case, we return to Magidor’s theorem:

(1) M = GCH
(2) M has the wi-cover property = M has the cover property
(3) M is cofinal correct

HOD may notbe | —— |
HOD YAV
a model of GCH. OD =

HOD has the

HOD, may not be | _——— intermediate cover
cofinal correct

property above &
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AW

/\,. states that, for all successor cardinals § > « and for all
singular cardinals a > 6,

COf(P<5(Oé), g) < Oé+,
where

cof(Ps(a), C) := min{|A| | A is C-cofinal in P5(cx)}.



A under large cardinals

Fact
If x is strongly compact, then A, holds.!

1We acknowledge Lambie-Hanson for communicating the proof .



A under large cardinals

Fact
If x is strongly compact, then A, holds.!

Under HOD-supercompactness and the HOD hypothesis, the
triangle principle holds in HOD.

1We acknowledge Lambie-Hanson for communicating the proof .
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HOD-supercompactness

A cardinal is k is HOD-supercompact if for every a > «, there
is an elementary embedding j: V — M such that

crit(j) = x;

a < j(k);

VaM C M;

HODM NV, =HODNV,.

Lemma (Woodin)

If x is HOD-supercompact and the HOD hypothesis holds, then

HOD [ “k is supercompact”.

In particular, HOD = A,.
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“HOD hypothesis + « is HOD-supercompact”

Theorem (T.)

HOD = A,

HOD has the s-cover property

HOD has the intermediate cover property above «
HOD has the cover property above x

4

HOD has the A-scale property,
for all M-singular cardinals A > s with cof(\) < |A|




If x is HOD-supercompact, exactly one of the following holds:




HOD dichotomy

If  is HOD-supercompact, exactly one of the following holds:

For every HOD-singular cardinal A > x with cof(\) < |}|,
HOD has the A-scale property.

Every regular cardinal § > & is w-strongly measurable in
HOD.
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The failure of the HOD hypothesis

Aguilera-Bagaria-Liicke: If there is an exacting cardinal, then
the HOD hypothesis fails.

Goldberg: If there is a nontrivial elementary embedding from
HOD to HOD, then the HOD hypothesis fails.

How far is HOD from V?

Does the failure of the HOD hypothesis imply the failure of the
A-scale property for all sufficiently large HOD-singular
cardinals \?



THANK you/




I APPENDIX

)

\

|

JIMRR

sl r}:( e )l.):\’—«(piti &

t

A N



Theorem (T.)
Suppose that

ME A,

M has the k-cover property.

M has the intermediate cover property above k.
Then the following are equivalent:

M has the cover property above &.

M has the A-scale property, whenever A > & is M-singular
with k < cof(\) < |A| and |A| € Reg.
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VA € Sin k < cof(N) < |[A] A |\l € Reg) = cover prop. > k
g prop

Proof. By induction. Let § > & be a successor cardinal and let
X € P.s(A), for some ordinal A > 6.

Nontrivial Case: \ is M-singular and cof(A\)M > k.

Pick a club D € P(A)M with D C SingM \ 9, and define

(Co|lxeDyeM
so that each C, is C-cofinal in P_s(a)™ and |Co[M < (at)M.
Choose in M an injection F,,: C, — (™M, and cover X N « by
some Z,, € C,. Defined € [[ DM as
d: (oM Fo(Za).

By the A-scale property there is ¢ € M N [[ DM such that
d | CHM <* ¢ | CHM) for some club C C D.
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So for all sufficiently large o € C, we have
XNaCZy€CyC Pes(a)M, and
d((a")M) = Fa(Za) < g((aH)M) < (aT)M.
Working in M, choose for every o € D an injection

ho: g((@™M) = a.

Now pass to V and use Fodor’s Theorem to find a stationary
set S C C on which the regressive function

a = ha(d((a")M),

defined on C, is bounded by some 3 < A.
The set
{ha(d((a)™)) [a €S} C B

can be covered by some Y € M with |Y| < §. Finally, define

Z:=| J{E| Ja € Dsuch that E € C, and o (Fu(E)) € Y}.



